In this paper, a class of pendulum-like systems in infinite-dimensional Hilbert spaces is investigated. A frequency domain criterion guaranteeing the systems with the property of Lagrange stability is established.
Introduction
The stability of Lure's system which is composed of linear block and feedback nonlinearity contains two cases. One is the absolute stability theory for investigation of global stability of systems with single equilibrium, which has been playing a significant role in dynamical systems and has been extensively studied both in the finite-dimensional case and in the infinite-dimensional case [1, 7, 11, 12] . The other is for investigation of stability of systems with multiple equilibria, that is, the global properties of solutions such as Lagrange stability, dichotomy and gradient-like property, which is also very important for the study of nonlinear dynamical systems. In the past decades, exciting results on analysis and synthesis for systems with multiple equilibria in the finite-dimensional case have been given, see [5, 6, 8, 9] and references therein. However, there are few analysis or synthesis results for systems with multiple equilibria in the infinite-dimensional case. The aim of this paper is to bridge the gap by investigating a class of infinite-dimensional nonlinear feedback systems with infinite equilibria and provide frequency domain conditions guaranteeing the systems with the property of Lagrange stability.
The pendulum-like systems are special class of nonlinear systems with periodic nonlinearity and infinite equilibria as well as specific characteristic of solutions. They cover a wide class of systems in engineering, mechanics and power systems such as synchronous machine, phaselocked loops and so on. For the finite-dimensional pendulum-like systems the global properties of solutions and the frequency-domain inequality conditions ensuring the systems with types of global properties were provided [6] . Recently, the problem of controller design for a class of finite-dimensional pendulum-like systems guaranteeing Lagrange stability, dichotomy and gradient-like property of the closed-loop systems has been investigated [8, 9, 13] .
In this paper, we consider a nonlinear feedback system of the forṁ
where z belongs to a complex separable Hilbert space Z with inner product ·,· and norm · , the linear operator A with domain D(A) (a linear subspace of Z) generates a C 0 -semigroup T (t) on Z, b, c ∈ Z, b, c = 0, and ϕ : R + × C → C is a nonlinear function. System (1.1) can be viewed as an abstract version for some special delay and distributed parameter systems [3, 4] . The methods of quadratic cones and invariant sets are extensively used investigating the global properties of solutions of finite-dimensional Lure's systems [5, 6] . In this paper, we assume that the operator A of system (1.1) is a Riesz-spectral operator which represents large classes of linear partial differential systems of both parabolic and hyperbolic types. Taking advantage of the properties of Riesz-spectral operators, we find that the method of invariant cones can also be used for the infinite-dimensional cases. And with the help of a lemma (Lemma 4.1) given below, which is in some sense an extension of the well-known Kalman-Yakubovich-Popov lemma to the infinitedimensional cases, we derive the frequency domain conditions guaranteeing systems (1.1) with the property of Lagrange stability. Here by Lagrange stability of a system we mean the boundedness of all the solutions of the system. Lagrange stability is a basic requirement in some practical systems and is a necessary condition for the investigation of the convergence of solutions of systems.
Pendulum-like systems in Hilbert spaces
Let us at first present the definition of pendulum-like system in Hilbert spaces, which is a generalization of the corresponding definition of finite-dimensional spaces as given in Section 2.4 of [6] .
Let Z be a complex separable Hilbert space and Π be a linear subspace of Z. Consider a differential systeṁ
on Z, where f :
to Z is said to be a (classical) solution of (2.1) on [t 0 , ∞) with initial data z 0 ∈ Π , if it is for all τ > t 0 a solution of (2.1) on [t 0 , τ ] with initial data z 0 .
We assume that the function f satisfies certain regularity conditions such that for every t 0 ∈ R + and every z 0 ∈ Π , there exists a unique solution z(t) of (2.1) on [t 0 , ∞), which we denote by z(t; t 0 , z 0 ) or simply z(t) when no confusion will be caused.
Let d j ∈ Π (j ∈ Z, j 1) be linearly independent, and let
Definition 2.1. We say that system (2.1) is pendulum-like with respect to Γ if for any solution z(t; t 0 , z 0 ) of (2.1) we have
for all t t 0 and all d ∈ Γ . 
for all t 0, z ∈ Π , and all d ∈ Γ .
Proof. Suppose (2.3) is satisfied. Consider an arbitrary solution z(t; t 0 , z 0 ) of (2.1) and define
To prove the converse, consider for arbitrary (t 0 , z 0 ) ∈ R + × Π and d ∈ Γ the solution z(t; t 0 , z 0 + d) of (2.1). It follows thatż(t;
is also a solution of (2.1). So the equilibria set of (2.1) is either empty or infinite.
Let us now consider the nonlinear feedback system (1.1). In the sequel we set the initial time t 0 = 0. And we assume that the operator A and the function ϕ given in system (1.1) satisfy certain regularity conditions such that for every z 0 ∈ D(A), there exists a unique solution z(t) of (1.1) on R + , which we denote by z(t; z 0 ).
From Theorem 2.1 we get the following results: 
. This equality is equivalent to and
whence it follows
for all (t, σ ) ∈ R + × C. Thus for fixed t the function ϕ 1 is periodic in σ with the period c, d . Then it follows from (2.6) by Theorem 2.1 that
In the sequel, whenever we say that system (1.1) is a pendulum-like system with respect to Γ = {jd | j ∈ Z}, where d ∈ D(A), d = 0, is given, we mean that d is an eigenvector of A corresponding to its zero eigenvalue, and ϕ(t, σ ) is c, d -periodic in the second argument.
Quadratic cones
A certain geometrical notion called quadratic cone, which is connected with quadratic forms, is widely used investigating the global properties of solutions of finite-dimensional Lure's systems. Here we generalize the notion to Hilbert spaces for further use. where A is a Riesz-spectral operator on Z with T (·) as the generated
number) eigenvalues with positive real part, and the imaginary axis {iω | ω ∈ R} ⊂ ρ(A), where ρ(A) denotes the resolvent set of
Proof. In order to prove the assertion of the theorem we at first consider the case when k = 0. Under the assumption of the theorem, we know in this case T (·) is exponentially stable. For an
, where z(t; z 0 ) is a solution of the system (3.1). We havė
By exponentially stability of (3.1),
By (3.2) and (3.3),
Thus H is positive definite on D(A). Now let us consider the case when k > 0. Let {φ n | n 1} be the eigenvectors of A corresponding to the eigenvalues {λ n | n 1}. W.l.o.g. we suppose Re λ n > 0, 1 n k. It follows from the properties of Riesz-spectral operators that span{φ n | n 1} = Z, and there exist {ψ n | n 1}, which is also a Riesz basis of Z, such that {φ n }, {ψ n } are biorthonormal. From the assumption of the theorem, we have Re φ n , H Aφ n = Re φ n , λ n H φ n = (Re λ n ) φ n , H φ n < 0, thus φ n , H φ n < 0, i.e., φ n ∈ Ω, for 1 n k, and φ n , H φ n > 0, i.e., φ n / ∈ Ω, for n > k.
Since span{φ n , n 1} = Z, it implies that dim(Ω) k. Let Z + = span{φ n | 1 n k}, it follows from the property of Riesz-spectral operator that Z + is A-invariant and T -invariant. We define an operator −A + := −A| Z + , then the C 0 -semigroup T + (·) generated by −A + on Z + is exponentially stable. Since {ψ n , n 1} is also a Riesz basis of Z, the operator H has the representation H (z) = ∞ n=1 H (z), φ n ψ n , for every z ∈ Z. We define an operator H + on Z + as H + (z) := k n=1 H (z), φ n ψ n , for every z ∈ Z + . It is easy to verify that H + is a bounded self-adjoint operator on Z + , moreover,
Then we have
Whence it follows −H + is positive definite on Z + , and
So Z + ⊂ Ω ∪ {0}, and dim(Ω) k. Now we come to the conclusion that dim(Ω) = k. 2 Proof. The process of the proof is similar to that of Theorem 3.1, so we just briefly point out the differences and use the same notations given in the proof of Theorem 3.1. Let us also start with the case when k = 0. In this case T (·) is exponentially stable. Integrating (3.5), we obtain
Theorem 3.2. Let Z be a separable Hilbert space. Consider the systemż = Az, σ = Cx, where A is a Riesz-spectral operator on Z with T (·) as the generated C 0 -semigroup and C ∈ L (Z, Y ), where Y is another separable Hilbert space. Suppose that system (A, −, C) is approximately observable. Let V (z) = z, H z , where
The right side of this inequality is positive whenever z 0 = 0, otherwise CT (·)z 0 = 0 for all t 0.
It contradicts to the assumption that the system (A, −, C) is approximately observable. Thus H is positive definite on D(A).
For the case when k > 0, we point out the following two points: 
Lagrange stability
Definition 4.1. If all the solutions of (2.1) are norm-bounded we say that the system is Lagrange stable. Then υ(t) 0 (respectively υ(t) < 0) for all t t 0 .
Lemma 4.1. [2] Let A be the infinitesimal generator of a semigroup T (·) on a complex separable Hilbert space Z, let B ∈ L (U, Z), where U is another complex separable Hilbert space, and suppose that (A, B) is exponentially stabilizable. Furthermore, let
Theorem 3.2, Lemmas 4.1 and 4.2 allow us to deduce the following frequency domain criterion, which is a kind of "shifted" Circle Criterion, guaranteeing systems (1.1) with the property of Lagrange stability.
Theorem 4.1. Consider the system (1.1), we assume that A is a Riesz-spectral operator with a zero eigenvalue, ϕ(t, σ ) : R + × C → C is a bounded nonlinear function belonging to a sector
furthermore, there exists a number Δ = 0 such that
σ ).

And we assume that system (1.1) is approximately observable and exponentially stabilizable. Let χ(s) represent the transfer function of the linear part of system (1.1) from the input ξ = ϕ(t, σ ) to the output (−σ ). Suppose that there exists a number λ > 0 such that the following conditions are fulfilled:
(i) the operator A + λI has only one eigenvalue with positive real part and {iω | ω ∈ R} ⊂ ρ(A + λI ); (ii) there exists > 0, such that
Then system (1.1) is Lagrange stable.
Proof. Suppose that z(t; z 0 ) is a solution of (1.1). Let d ∈ D(A), d = 0 be an eigenvector of A corresponding to its zero eigenvalue, such that c, d = Δ. Since (1.1) is pendulum-like with respect to {Γ = jd | j ∈ Z}, it follows that
Frequency-domain condition (4.6) coincides with inequality
From (i), there exists a number α > 0 such that inf ω∈R, n 1 |(iω − λ) − λ n | α, where {λ n , n 1} are eigenvalues of A. Properties of Riesz-spectral operators imply there exist positive constants m and M such that
where μ = β . From Lemma 4.1, there exists an adjoint operator H ∈ L (Z), such that 
Let us define function υ(t) = V (z(t))
, where z(t) = z(t; z 0 ) is a solution of (1.1). Using sector condition (4.5) and the fact that G is non-positive, i.e.,
we come to conclusion that dυ(t) dt −2λυ(t), ∀t 0.
It follows from Lemma 4.2 that the set Ω = {z ∈ D(A) | z, H z < 0} is positively invariant for system (1.1). Hence
is positively invariant for (1.1). Indeed, for an arbitrary z 0 ∈ Ω j , it follows that z 0 − jd ∈ Ω 0 . Then in virtue of positive invariance of Ω 0 we have
Because of (4.7), we have that Let us define for an arbitrary j ∈ Z, the set Γ j = Ω j ∩ Ω −j . The set Γ j is positively invariant as both Ω j and Ω −j are positively invariant. Because of (4.14) there exists a vector h = 0, h ∈ Z, such that
Let φ 1 be the eigenvector corresponding to the zero eigenvalue of A, and we can choose h = ψ 1 , where {φ n } and {ψ n } are defined in Section 3. Indeed in this case {z ∈ Z | h, z = 0} = span{φ n | n 2}, and for any z = 
From above it follows that Let us now show the boundedness of z(t; z 0 ) (simply denoted by z(t)). By properties of Riesz basis, we have
, respectively. System (1.1) can now be denoted as system (A, B, C) . Let
We know from the above proof that z + (t) is bounded. Let
Example 4.1. Consider the following nonlinear feedback system governed by a partial differential equation
where ϕ(σ ) is a Δ-periodic nonlinearity belonging to a sector M[μ 1 , μ 2 ], i.e.,
We choose Z = L 2 (0, 1) as the state space and the trajectory z(·, t) = {z(x, t), 0 x 1} as the state. We define the system operator A to be
It is well known that A is a Riesz-spectral operator with the eigenvalues λ n = −n 2 π 2 , n 0, and the corresponding eigenvectors φ n (x) = √ 2 cos(nπx) for n 1, φ 0 = 1, which form an orthonormal basis for L 2 (0, 1). Now we see that system (4.23) is a pendulum-like system. As given in Section 4. By totally disconnected we mean that no two points λ, μ ∈ {λ n | n 1} can be joined by a segment lying entirely in {λ n | n 1}. 
